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$R$ $R[\underline{x}]=R[x1, \ldots, x_{n}]$ .
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$T$
$x_{1},$ $\ldots,$ $x_{n}$ . $T$ admissible $<$ , $t=$
$x_{1}^{\alpha_{1}}\cdots xn\alpha_{n}\in T$ , $\deg(t)^{d}=^{f}\sum^{n}ei=1\alpha_{i}$ .
$f= \sum_{i=1}^{n}c(\alpha 1, \cdots, \alpha_{n})x_{1}^{\alpha}\cdot\cdot x_{n^{n}}1.\alpha\in R[\underline{x}]$ ,
$\bullet$ $f$ monomial : $M(f)^{def}=\{c(\alpha_{1}, \cdots, \alpha_{n})x_{1n}^{\alpha_{1\alpha}}\ldots xn|c(\alpha_{1}, \cdots, \alpha_{n})\neq 0\}$ ,
$\bullet$ : $T(f)de=^{f}\mathrm{f}x_{1}^{\alpha_{1}}\cdots X^{\alpha_{n}}n|c(\alpha_{1}, \cdots, \alpha_{n})\neq 0\}$ ,
$\bullet$ : $deg(f)^{d}=ef \max\{\deg(t)|t\in \mathrm{T}(f)\}$ ,
$\bullet$ : $\mathrm{H}\mathrm{T}(f)de=^{f}\max(\mathrm{T}(f))$ , monomial: $\mathrm{H}\mathrm{M}(f)de=^{f}\max(M(f))$ , :
$\mathrm{H}\mathrm{C}(f)def=\mathrm{H}\mathrm{M}(f)$ , .
$F\subset R[\underline{x}]$ , $\mathrm{H}\mathrm{T}(F)de=^{f}\{\mathrm{H}\mathrm{T}(f)|f\in F\},$ $\mathrm{H}\mathrm{M}(F)def=\{\mathrm{H}\mathrm{M}(f)|f\in F\},$ $\mathrm{T}(F)de=^{f}$
$\{\mathrm{T}(f)|f\in F\}$ , .
$f,$ $g,p\in R[\underline{X}]$ ,
$\bullet$ $f$ $P$ $g$ $f-^{p}g$ , $\exists t\in \mathrm{T}(f),$ $\exists s\in T_{S*}\mathrm{H}\mathrm{T}(p)=t$
$g=f- \frac{a}{\mathrm{H}\mathrm{C}(p)}*s*p$ . $a$ $f$ $t$ .
$\bullet$ $farrow P$ g , $\exists p\in Pf-^{p}g$ ,
$\bulletarrow^{*}P$ $arrow P$ . $f$ $arrow^{*}P$ $f\downarrow P$
.
$\bullet$ $f$ $P$ $g$ $\mathrm{t}$ , $f-Pg$ $\mathrm{H}\mathrm{T}(g)<\mathrm{H}\mathrm{T}(f)$ .
$f$ $g$
$\mathrm{S}$
SPOL $(f, g)^{de}=^{f_{\mathrm{H}}} \circ(g)\frac{lcm(\mathrm{H}\mathrm{T}(f),\mathrm{H}\mathrm{T}(g))}{\mathrm{H}\mathrm{T}(f)}f$ – $\mathrm{H}\mathrm{C}(f)\frac{lcm(\mathrm{H}\mathrm{T}(f),\mathrm{H}\mathrm{T}(g))}{\mathrm{H}\mathrm{T}(g)}g$
.
sugar [5] $\deg_{S}$ ,
$\bullet$ , $\deg_{s}(f_{i})=\mathrm{g}(def_{\mathrm{d}\mathrm{e}}fi)$
$\bullet$ $\deg_{S}(p+q)^{def_{\max}}=(\deg s(p), \deg_{s}(q))$




, $f1,$ $\ldots,$ $fi$ Gr\"obner Buchberger .
Buchberger
Input: $F=\{f_{1}, \ldots , f_{l}\}$
Output: Gr\"obner $G$ of Ideal $(F)$
$PairQarrow\phi$ ;
$Garrow\phi$ ;
foreach $(f_{i}\in F)$ $\{$
$PairQarrow UpdabePairQ(PairQ, f_{i}, F)$ ;
$Garrow UpdateBase(c, f_{i})$ ;
$\}$
while (PairQ $\neq\phi$ ) $\{$
$(g_{i}, g_{j})arrow$ select an element of PairQ;
$PairQarrow PairQ\backslash \{(gi_{\wedge}.gj)\}$ ;
$g_{k}arrow \mathrm{S}\mathrm{P}\mathrm{O}\mathrm{L}(gi, gj)\downarrow G$ ;
if $g_{k}\neq 0$ $\{$
$PairQarrow UpdateQ(PairQ, g_{k}, G)$ ;
$Garrow UpdateBaSe(G, gk)$ ;
$\}$
$\}$
$\bullet$ $G$ , PairQ ( )
, .
$\bullet$ PairQ $-$ $(g_{i}, g_{j})$ . .
















. [8] , . $-$ $\mathrm{S}$





, Gr\"obner [7] , $(\leq 20)$
$[6, 8]$ . , ,
.
[1] , , $(\mathrm{S}\mathrm{P}\mathrm{o}\mathrm{L}(gi, gj)\downarrow G)$




$\bullet$ , $\mathrm{S}$ , ,












, . , modular
, $0$ , .











1 $S$ ( sugar ) $d$ Buchberger
$G_{d}$ . $G_{d}$ $d-$ .
2 $f1,$ $\ldots,$ $f_{n}$ d- :
1. $\deg(f)<d$ $f$ ,
$arrow^{*}G_{d}$ .
2. $\forall p\in \mathcal{I}\deg(p)\leq d\Rightarrow parrow^{*}G_{d}0$
3. $\forall f,$ $g\in G_{d}\deg(\mathrm{H}\mathrm{T}(f), \mathrm{H}\mathrm{T}(g))\leq d$ , SPOL $(f, g)arrow^{*}G_{d}0$
184
$\forall d>d_{\infty}G_{d}=G_{d_{\infty}}$ $d_{\infty}$ .
3 , 2 $\deg$ $\deg_{S}$ , 1, 2, 3 $d_{infty}$
.
d- ,
$G_{0}arrow G_{1}^{\cdot}arrow\cdotsarrow G_{d}arrow G_{d+1}arrow\cdotsarrow G_{d_{\infty}}=\cdot,$ .
, $G_{d}=G_{d-1}+$ { $d$- } .
4.2 $\mathrm{d}-$
, $G_{d-1}$ , $G_{d}$ , .
1. $G_{d}$ , SPOL $(gi, g_{j}),$ $gi,$ $g_{j}\in G_{d-1}$ , , $\mathrm{S}$
.
2. SPOL $(gi, g_{j})\downarrow G_{d}-1$ .
3. , SPOL $(g_{i}, g_{j})\downarrow c_{d}$ , 1,2 d-
.





$\bullet$ d- $\mathrm{S}$ $s_{i}$ ,
$\bullet$ $s_{i}\downarrow c_{d-1}$ . , - .













16: $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}$ sugar ( )
17: $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}$ modular ( )
. asir d- , ,
.
16 , $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}[7]$ , sugar
. 8 – , 56, 7 . ,
. , sugar 15,
16 . sugar 17 , $l3\underline{:}1$ ,
.
17 , modular , $d$-Gr\"obner , asir
$\mathrm{g}\mathrm{r}" \mathrm{o}\mathrm{d}$ -main, F4 . $\mathrm{g}.\mathrm{c}$ . .
. asir F4 , $\mathrm{g}\mathrm{r}" \mathrm{o}\mathrm{d}\mathrm{e}$ $\mathrm{n}\mathrm{a}\mathrm{i}\mathrm{n}$
.
18 , d- $\mathrm{S}$ $G_{d-1}$ , d-
. $G_{d-1}$ ,
, .
$-$ ( ) , 12 8
[8]. d- ,
186
18: $d$-Gr\"obner ( )
, , ,
, .
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